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DOMAIN-INDEPENDENT UPPER BOUNDS
FOR EIGENVALUES OF ELLIPTIC OPERATORS

STEPHEN M. HOOK

m

ABSTRACT. Let Q C R™ be a bounded open set, 9Q its boundary and A
the Laplacian on R™ . Consider the elliptic differential equation:
(1) —Au=Au inQ; u=0 ondQ.
It is known that the eigenvalues, 4, of (1) satisfy
n

A mn

(2) —t>—
P T

provided that 4, , >4, .

In this paper we abstract the method used by Hile and Protter [2] to establish
(2) and apply the method to a variety of second-order elliptic problems, in
particular, to all constant coefficient problems. We then consider a variety of
higher-order problems and establish an extension of (2) for problem (1) where
the Laplacian is replaced by a more general operator in a Hilbert space.

1. INTRODUCTION

Let A be the Laplace operator in R” and Q C R” a bounded region and
8 its boundary in which the eigenvalue problem

(1.1) —Au=Au in Q; u=0 ondQ
has discrete spectrum A, <A, <--- <4 <4, ., <---. Then the eigenvalues of
(1.1) satisfy
(1.2) zn: Ay
. i=1 An+| _’11 T4

The result (1.2) was established by Hile and Protter [2] and is a generalization
of

2 n
(1.3) Ay Slﬁ;;:&
1=

for m = 2. Result (1.3) was established by Payne, Polya, and Weinberger [8].
Inequality (1.3) follows from (1.2) since the summand in (1.2) is bounded above
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616 S. M. HOOK

by 4,/(4,,, —4,) for each i. The interesting thing about (1.2) is that it leads
to an upper bound on the (n + 1)th eigenvalue of the Dirichlet problem, (1.1),
in terms of the lower eigenvalues which is domain-independent. That is, there
is no explicit dependence on the size or shape of the domain Q in (1.2).

More recently Hile and Yeh [3] and Chen [1] considered polyharmonic op-
erators of the form

L . . _6u— a[_l
(1.4) (=AY u=Au in Q; u_%_... T

where 9 /0n denotes the outward-pointing normal derivative on Q. Hile and
Yeh [3] considered problem (1.4) with / = 2 and Chen [1] considered certain
other even positive integers /. The result of [3] and [1] is that

n 1// =n min!
l. >
o (S)(Sh) cames
Again (1.5) has no explicit dependence on the domain Q.
In this paper we abstract the method (Theorem 1) of [2] to a Hilbert space.
After establishing the abstract generalization of this method in §2, we estab-
lish the result (1.2) as a strict inequality or one which is similar for a variety

of second-order elliptic differential equations in one dependent variable. We
establish (1.2) as a strict inequality for

(1.6) —e"™ div(M e " grad u) — L|Mw|’u=Au inQ;
u=0 ondoQ,

where M is a positive definite real symmetric matrix of constants, grad is the

gradient, div is the divergence, w is a constant w € R”, w-x is the dot

problem in R™ and |- || is the R”-Euclidean norm. Every (real) constant

coefficient second-order elliptic problem with the boundary conditions of (1.6)

can be put into the form (1.6), in particular those with first-order terms.
Results similar to (1.2) hold for

—O on 0Q,

(1.7) —Au —2iw-gradu = Au in Q; u=0 onoQ
in which i* = —1 (not to be confused with the index) and w € R” is a constant.
For problem (1.7), if the eigenvalues are discrete and 4, , >4, then
IWII , mn
(1.8) Z ” >
holds.
Finally the problem
(1.9) —Au+ p(x)u=2Au inQ; u=0 ondQ

satisfies (1.2), where p(x) >0 in Q, and for the Sturm-Liouville problem
(1.10) ~((p(x)’u) + g(x)u=u inI=(a, B),
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u(a) =u(p) =0,
where p(x) >0 on I, the eigenvalues obey
(1.11) Z T /1 > 4

where M is any constant so that M < g—;',((p )Y>=(p»)") in I and the “prime”
notation denotes the derivative.

The abstraction in Theorem 1 along with another theorem of this author [4]
or [5] is used to establish an improvement of (1.5) for the problem

ou ' 'u
an =T o =0 ondQ,

where p is a monic polynomial (leading coefficient is unity) of degree / > 0.
In particular if p has nonnegative coefficients and p(0) = 0 then

l/l 2.2
(1.13) (ZA ) (Z ", (/1'/1)+,1'/[ //(11//)) m8n .

i=1

(1.12) p(—A)u=2Au in Q, u=

We also note that the result holds for polynomials in more general constant

coefficient second-order equations and that the eigenvalues of some higher-order

problems other than ones in the form of (1.12) satisfy similar inequalities.
Finally we consider the system of equations for an elastic medium

(1.14) —Au — agrad(div(u)) = Au in Q, u=0 onodQ.

Equation (1.14) is a system of m partial differential equations. The symbol A
is the operator which takes the Laplacian of each component of a vector field
u, and « is a constant. We establish that if Q C R™ is bounded and (1.14)
has discrete eigenvalues A| <A, <---<A <A, <--- and a >0 then

“ A, m*n
(1.15) >
:Z; AL —A 4(m+ a)

holds.

As noted before, none of the results of this paper have any explicit depen-
dence on the domain, Q, except for the dimension m . We begin §2 with the
abstraction of the method of [2].

2. AN ABSTRACT THEOREM

Our results depend on a rather complicated-looking theorem. It is given
abstractly with applications in subsequent sections. For linear operators L and
M we define the commutator, [L, M],by [L, Mlu = LMu— MLu. We have
the following theorem.

Theorem 1. Let A: D C # — & be a selfadjoint operator in a real or complex
Hilbert space # , with inner product (-, -}, which is semibounded below with
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discrete spectrum A, < A, < ---. Let {T;: D — Z/}jle be any collection of

skew-symmetric operators and {B ;1 T(D) — Z }}‘:l any collection of symmetric
operators which leave D invariant. Denote the normalized eigenvectors of A by
{u; }, |» Where u; corresponds to .. Suppose that A, . > A . If for some i
and J. Ty, #0 andzftherezsa y>0 and >4, sothat

n M n
(2.1) v D AT, Bjluy, u)+y Zzﬂ 7 (Tou;, Tyu)

i=1 j=1 =1 j=1

03

then § > A, . Moreover if Tu, ¢ D for all i =1,2,...,n and j =
1,2,..., M wehave g >4, ,

Proof. We construct a collection of test functions, ¢, D which are orthogonal
to each of the first n eigenvectors and apply well-known minimizing properties

(4, B;], BJu;, u;)

NI

||'M§

of 4,,,. For each i=1,2,...,nand j=1,2,..., M, define
(2.2) ¢ =B, =Y a,u,
k=1
where
(2.3) a =(Bju;, u u.).
From (2.2) and (2.3) we see that
(2.4) (¢, - u)=0 foralli,k=1,2,....,nandj=1,2,..., M.

Then for each i, j we have

(2.5) Angi (@i $y) S (A4S, 61))

since each ¢, ; is orthogonal to each of the first n eigenvectors of 4 by (2.4).
Next we work on the right-hand side of (2.5). By the definition of the ¢, ;
and (2.4) we have

(2.6) (49, 6,) = (ABu,, 6,,).

We apply the definition of the commutator and the fact that Au, = A,u; to the
right-hand side of (2.6) we obtain

(2.7) (49, dn,) = (B,Au;, ¢,) +([4, B)Ju,, ¢,))
( J U, ¢U) <[A, Bj]ui s ¢U) .

Since (B U, o, j) = (¢, D é, j.) by definition of ¢, ; and the orthogonality con-
dition, (2.4), we can rewrite (2.7) as

(28) <A¢,'j s ¢,‘j) = i;(d’,‘j > (b,‘j) + ([A ’ Bj]ui ’ ¢ij) :
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Substitution of the definition of ¢, ; into the rightmost term of (2.8), substitu-
tion of the result into the right-hand side of (2.5) and summing this over all i
yields

(29) A Y6y 90 S D200y, 8,) + DA, By, Bu,)
i=1 i=1 i=1

n n
=Y D (14, Blu;, aju) .
i=1 k=1
The right-hand side of (2.9) is real so (2.9) still holds if we take the real part
of the right-hand side. (Notice that in a real Hilbert space the operation of
obtaining the real part still makes sense!) As it is, the real part of the double
sum is zero since

n

(2.10) Re Y ([4, B,Ju;, a,;,u,)

k,i=1
[ & - -
=3 > (4, Blu;, aju) + (4, Blu;, a;,u,)
i k=1 i k=1 ]
[ d ]
= ) ([4, B, ]u, > j,kuk) + <ajikuk , (4, Bj]ui)
i k=1 i k=1 i
l i n n
= '2— ([A B ]u, ) j,/\ul\) + <_[Aa Bj]uk s ajk,u1>
i k=1 i k=1

The last step is justified since the adjoint [A4, Bj]* = —[4, B;] whenever 4
and B; are symmetric and the fact that e =ay, for all i, k, j. Switching
i and k in either double sum in the right-hand side of (2.10) establishes that
the real part of the double sum is (2.9) is, indeed, zero.
After taking real parts in (2.9) we have
(2.11)
n

n 1 n
Rt Dbiy0 b S D A0 8)+5 D (A, Bjlu;, Byu)+(Bju,, [4, B)lu).
i=1 i=1 i=1

The symmetry of B Iz skew symmetry of [4, B ;] and the definition of the
commutator are used to establish that
(2. 12)

22 ([4, BJu;, Bju,) + (Bju,, [4, B)lu})) Z[[A,Bj],Bj]ui,ui).
i=1 i=1

Thus (2.11) becomes

n

(2.13) ,,+.Z (5 b1,) SZ ()5 8,) - Z([[A,B,l,B,lui,u,>.
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Next let 8 > 4, be a real constant and subtract g 27=1(¢,- ;> @,;;) from both
sides of (2.13) and sum the result over all j. This yields

n M
(2-14) (ln+| - ﬂ)ZZ<¢U’ ¢1j>

i=1 j=1

M
Z ¢1/ > d)U

At this point we want to find an upper bound for 3 | Z‘jv:l(li = B)o;;» &)
expressed in terms of the u; and certain operators. To do this, recall that in
any Hilbert space if 6 > 0 we have

n h

M
ZZ (L4, B;1, B;Ju;, U .

Nl

%) + 950, 0)

with strict inequality except when Jdu = v. In particular, if ¥ and v are
linearly independent, inequality (2.15) is strict. For each j we have

(2.16)

(2.15) Re(u, v) <

ERC¢IJ’Tu 22 J I’Tu <Tju,"Bju,'))

i=1

- Z ((ajikuk ’ Tjui> + (Tjui’ jl/\ul\>)
i k=1

1 h n n
=5 Y (B, Tlu;, u) —Red > a;u, Tou,).
i=1 i=1 k=1
Since a; ik = A for each j, k and i and Tj is skew-symmetric, the double

sum in (2 16) must be zero as it simply represents the sum of all the entries of
a skew-symmetric matrix. Thus we have

(2.17) Rez ¢;» Tiu) = 2Z[BJ,T]u,,u)

Application of (2.15) to the left-hand side of (2.17) with 6 = (8 —4,)/7 yields
(2.18)

1 & 1 <& y n |
§§([Bj’ Tj]u[’ ui) < z_ylzzl(ﬂ _)'i)<¢if’ ¢ij> + 5§ ﬂ_—l—;(Tfui’ Tjui> .

Inequality (2.18) holds for all positive y. Rearrangement of (2.18) and sum-
ming over j yields the desired upper bound:

(2.19) Z Z = B)¢,;. ¢,)

Jj=1i=1

n n

M M
< - yz .,Tj.]ul., Z_:

j:] =1

Tu,, Tju,.).

‘%

i=1
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Substitution of (2.19) into (2.14) yields

n+l ZZ ¢U’¢U S -

i=1 j=1

B

(2.20)

EIM§
I

([B;, T,Ju,, u,)

(T;u,, Tu,)

+
\el\)
™
“l

-4

i

-
Il
Il

=

Mz

([[A B, Blu;, u,).

N —

]

1l
Il

]
The right-hand side of (2.20) depends on S since we have assumed that Tiu; #
0 for some i and j. So if we can choose f >4, and y > 0 so that the right-
hand side of (2.20) is zero then a larger 8 makes the right-hand side negative,
holding y constant. In particular the left-hand side of (2.20) can be made
negative, so the quantity ijl >i=1{¢;;» ;) > 0. Thus when the right-hand
side of (2.20) is equal to zero we must have 4, — B < 0. In other words,
B > 4,,,. Now the right-hand side of (2.20) is equal to zero precisely when

(2.21) yZZ([TJ Blu;, u)+y ZB AZTu T,u,)

j=1 i=I ij=1

n
LSS B B ).
i=1 j=1
Equalities (2.21) and (2.1) are the same, with the above discussion establishing
the weak inequality.

Notice that the upper bound, (2.19), comes from (2.15) and (2.16). In par-
ticular if ¢, i and 7"qu. are linearly independent for some i and j the upper
bound, (2.19), is actually a strict inequality. We have argued above that for
some [ and j, d> # 0. Under the additional assumption that T u, ¢ D
for any i and j, ¢,.j and T,u, cannot be linearly dependent since ¢ €D.
Thus if Tu, ¢Dforalll—l 2,...,nand j=1, Mwemusthavc
B>4,, whenever B satisfies (2. 1) O

Theorem 1 is an abstraction of a method used first by Payne, Polya, and
Weinberger [8], refined later by Hile and Protter [2] and effectively used again
in [3], [1], and [4]. The result does not look too useful since we do not yet know
how to choose the Tj and B Iz Clearly though, we need to be able to choose the
B I and Tj so that the inner products can be calculated. As it is, we can often
choose the T, and B; so that [T, BJu = —u, EJM:](Tju, Tu) = (Au, u)
and [[4, B, B;Ju = —2u as follows.

Proposition 1. If 4, TJ and B, are as in Theorem 1, A = — Zj.":] sz and if
[T}, BJu=—d,,u where 9,; is the Kronecker symbol then

(2.22) (4. B), BJu=~2u
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Proof.

M M
2
(4, BJu==Y [T}, Blu=~> (T[T, B]+I[T,, BT )u
k=1 k=1
=TT, Blu~[T,, B)T,u=2Tu.

The sum collapses since [T}, B;] = 0 if k # j. Thus [[4, B]], B;Ju =
(2T, B,Ju = 2[T;, B;Ju=-2u. O

Although it is not required, in our applications, A4 is a differential op-
erator, the TJ are differential operators and the Bj are multiplication op-

erators. Proposition 1 effectively assures us that if 4 = —E;": | sz where
the T, are skew-symmetric and if a certain system of differential equations
([Tj , BJu = =9, ju) can be solved then we can expect to obtain a useful in-
equality from (2.1).
3. SECOND-ORDER DIFFERENTIAL EQUATIONS
We begin by considering the most general real constant coefficient elliptic
problem with Dirichlet boundary conditions:

(3.1) Au=—e"" div(Mze_wx gradu) — %lle”zu =Au inQ;

u=0 onoQ,

where Q C R” is bounded, M is a constant m x m (real) symmetric positive
definite matrix and w € R” is a constant vector. We apply Theorem 1 to
problem (3.1) using the following lemmas.

Lemma 1. Let D be a positive diagonal matrix and U a real orthogonal matrix
sothat M =U"'DU. For j=1,2,..., m, the operators

(3.2) Tu=14e,- (" (DUgrad(e”""u)) + DU grad(u))

are skew-symmetric under the boundary conditions of (3.1) and inner product

(3.3) (u, v) =/ uve " .
Q

Moreover we have

m

(3.4) Y (T, Tu) = (Au, u)

Jj=1
and if Au=Au and u #0 then Tju is not identically zero on 0.

Proof. We need only show that (Tju, vy = —(u, ij) , where u and v satisfy
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the boundary conditions of (3.1). But

(3.5) (T,u,v)= % / e, - (DUgrad(e™" “u)v + DU grad(u)ve” " )
Q

- e;-(DUe " “ugrad(v) + DUugrad(e " v))

-3/,
= —-;- /Q e, - u(e" (DU grad(e™""v)) + DU gradw)e™ " "
=—(u, T)v).

To establish (3.4), notice that (3.2) can be simplified to

(3.6) Tiu= %ej-(ZDUgradu—DUwu).

Thus

= 1 2 —wx
(3.7) ;(Tju, Tou) = Z/gllZDUgradu—DUwull e,

Using the norm-preserving property of U and multiplying out the norm in (3.7)
we see that

L12DU grad u — DUwul|* = |DU gradu|* — DU gradu - DUwu + %”DUwIlzu2
= |Mgradu||’ - Mgradu - Mwu + %||Mw||2u2 .
Thus (3.7) becomes

m
(3.8) Y (Tu, Tju)= / | M grad u|’e ™™ —/ Megradu - Mwue "~
Q Q

j=1
+ Laaw? / e,
4 Q

Notice that by the divergence theorem and boundary conditions we have
39) 0= / div(uM’e ™™™ grad u)

Q

= / gradu - M grad(u)e ™™ + / udiv(M’e ™™ grad u)
Q Q

=/ ||Mgradu||ze_w'x+/ div(M’e ™™ grad u)u.
Q Q

Thus
/ | M gradu|’e ™™ = —/ div(M’e ™™ grad u)u.
Q Q .

Also notice that when u satisfies the boundary conditions of (3.1)

(3.10) 0= / %M2w~ grad(u’e™™™)
Q

= / Tatw. grad(u)2ue " — l/ Mw-wile™™.
02 2 Ja
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Upon rearranging (3.10) using the symmetry of M we obtain

(3.11) / M grad(u) - Mwue ™™ = / M*w - grad(u)(ue™™)
Q Q

= 1||Mw||2/ we ™™,
2 Q

Placing the results of (3.9) and (3.11) into (3.8) shows that (3.4) holds.

Finally Tu is a linear combination of u and a directional derivative of
u . Thus the boundary conditions are such that Tiu will satisfy them only if
gradu = 0 on 9Q. This is impossible for an eigenvector of 4. O

Lemma 2. There are real-valued functions ¢, i =1,2,..., m, sothat T (ou)
- ¢,Tju= =7 u if u satisfies the boundary conditions of (3.1). Define the
functions B, of Theorem 1 by

(3.12) Bu=¢u forj=1,2,...,m.

The operators B ; are symmetric in L’ (Q) and leave the boundary conditions of
(3.1) invariant. Moreover

(3.13) [T,, BJu=—06,u.
Proof. Using the formulation of T, in (3.6) we see that
(3.14) Tj(qbu)~¢Tju=ej~Dngrad¢

for any differentiable function ¢. We thus need only show that there are func-
tions ¢, so that

(3.15) ej~DUgrad¢,.:—(5l.j.
But (3.15) is equivalent to

-1
(3.16) U Dej-graqu,:—éU.

Thus the ¢, need only have constant gradient in a fixed direction since U ~'D
is a constant matrix. Such ¢, always exist. The remainder of the lemma follows
easily. O

We have enough now to prove

Theorem 2. If problem (3.1) has discrete spectrum A, <A, < <A <4, <
and is selfadjoint with inner product (3.3) then the eigenvalues of (3.1)
satisfy
h ll mn

i=1 n+l A
Proof. We take the Tj and B i in Theorem 1 to be those of Lemmas 1 and 2.
Evidently these Tj and B, satisfy Proposition 1. With these T} and B, (2.1)
becomes

T A
(3.18) —nmy+ 7y —L = —nm.
277,
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This follows because

(IT;, B;Ju;, u;) = -1, (Tyju;, Tju,) = (Au;, u;) = 4,,
j=1
and
W4, B}, BJu;, u;) = -1
which follow from Lemma 2, Lemma 1, and Proposition 1 respectively. The
left-hand side of (3.18) is a function of y. In particular if we minimize the
left-hand side of (3.18) in 7, (3.18) becomes

mn

Zl 1 1/ B 2’)
the left-hand side of (3.19) being the minimum value of the left-hand side of
(3.18) with

(3.19)

=-mn,

mn

2L A/ B-4)

V=

Rearrangement of (3.19) yields

Z" A mn
i=1 !

There is always a (unique) solution f > 4, for (3.20). Moreover such a f >
A by Theorem 1 and Lemma 1. Thus g -4, >4, , — 4, and so

n+1
d A mn

(3.21) — 2 s
,-Z;‘inﬂ _}‘i 4

Remark. Equation (3.1) includes all real constant coefficient second-order ellip-
tic problems with ¥ =0 on Q. Writing out (3.1) yields

(3.22) Au = —div(M’ gradu) + M*w - gradu — + | Mw| u = Ju.
Every real constant coefficient second-order elliptic operator can be written as
(3.23) Eu=—div(M gradu) +v-gradu + cu = Au

for constants v € R™ and ¢ € R. Since M’ is invertible we can always
obtain w from v by w= (MZ)_'v. Moreover, part of the constant ¢ may be
incorporated into the eigenvalue A. Thus we can rewrite (3.23) as

(3.24) Eu=—div(M’gradu) + v-gradu — 1| M~ 'v|*u
=(A-c+ £||M_]v||2)u = uu.

Now E is in the form of (3.22) and its eigenvalues differ from those of (3.23)
by the constant —c + 1| M~ lv||2 . Thus, as an easy corollary to Theorem 2, the
eigenvalues of (3.22) satisfy

" —c+ MM
(3.25) L 4 —_
; }'n+1 _)'i 4

The result of Hile and Protter [2] is also an easy corollary of Theorem 2.




626 S. M. HOOK

Corollary 1. If the eigenvalues of

(3.26) —Au=iu inQCR"; u=0 ondoQ
are discrete A, <A, <--- <A, < ’1n+1 <.-- then
- mn
(3.27) —’ > —.
; j’n+| - '1:' 4

Inequality (3.27) was only given as the weak inequality

“ A mn
4 >
;lnﬂ —'11' 4

in [2] and, thus, has been strengthened here. Inequality (3.27) easily follows
from Theorem 2 taking M to be the identity matrix and w=0.

It is also possible to take the vector w in Theorem 2 to be complex, but then
inner product (3.3) must be changed and the form of (3.1) must be changed
somewhat. The following shows what to do in an easy problem with first-order
terms with purely imaginary coefficients.

Theorem 3. Let Q C R” be bounded. Let w e R™ be a constant vector. Con-
sider the eigenvalue problem

(3.28) Au=—-Au—-2iw-gradu=4iu inQ, u=0 ondQ.
The operator A is symmetric in the inner product
(3.29) (u, v) =/ uv
Q

subject to the boundary conditions of (3.28). If the eigenvalues of (3.28) are
discrete, 4, < A, < -+ < A, < A, < -, then the following inequality is
satisfied:

IIWII , mn
(3.30) Z . >
Proof. The symmetry of A4 is easy. Agam we use Theorem 1 with

ou .
(3.31a) Tiu= a—xj+1wju
and
(3.31b) Bju=—xu forj=1,2,...,m,
where x = (x,, X;,...,x,) and w = (W, w,, ..., w,,). It is easy to see

that the Tj are all skew-symmetric and the B ; are symmetric and preserve the
boundary conditions. As before, we have (T;, B;Ju= -9, ;u and

ou .
(3.32) ZTu Tu Z/ <—+zw u) (57},"’””1“)
=/(—Au —2iw-gradu + ||w||2u)ﬂ
Q

= (Au, u) + Wi (u, u).
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With the foregoing and Proposition 1, equation (2.1) becomes (taking y as
before)

A; +||W|| ||W|| mn
(3.33) /1 Z e O

If an elliptic operator has any varlable coeﬂic1ents, a completely general solu-
tion is not easy. Several types of nonconstant coefficient problems are consid-
ered in the remainder of this section.

Theorem 4. Let Q C R™ be bounded and consider the eigenvalue problem
(3.34) Au=-Au+ p(x)u=2Aiu inQ; u=0 ondQ

where p is a nonnegative real-valued function on Q. If Q is such that (3.34)
is selfadjoint in inner product (3.29) and its eigenvalues, A, <1, < -+ < A, <
Apy < ---, are discrete then the inequality
n
,1.

(3.35) >

nm
> —
i=1 )“n+l i 4
holds.

Proof. The operator 4 is symmetric in the inner product of (3.29). For this
problem we may choose

(3.36a) Tju=6u/8xj forj=1,2,...,m,
(3.36b) T, U= <i p(x))u.

Also we take

(3.37a) Bju=—xju forj=1,2,..., m,
(3.37b) B,  u=u.

It is easily seen that the T are skew-symmetric and the B . are symmetric with
the given boundary conditions. We also have

m+1
(3.38) Z(T/‘”’ Tju) = (Au, u).
j=1
The commutators [Tj, Bj]u =-u for j=1,2,...,m and [T mels Buir] =

0, [4, B] = 2Tj for j=1,2,...,m and [A4, Bm+l] = 0. With the above
commutators, (2.1) becomes

n A,
(3.39) y(—nm) + ¥ Z /3——':1_ =—-nm.
i=1 i

Since (3.39) matches (3.18) the remainder of the proof follows that of Theorem
2. O

Theorem 4 may be extended to arbitrary functions p as follows:
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Corollary 2. Suppose that the hypotheses of Theorem 4 hold except that we only
have p(x) > M for all x € Q. (The constant M may be either positive or
negative.) Then the eigenvalues of (3.34) satisfy

n
- M mn
i Bl i
(3.40) ;l 1z
Proof. We have p(x) — M >0 and thus
(3.41) Au=—Au+ (p(x) - Mu= (- Mu=uu

is in the form of (3.34) and has eigenvalues u, = 4, — M . Since the eigenvalues
u; satisfy (3.35), replacing u;, with 4, — M yields the result (3.40). O

Remark. Corollary 2 improves (3.35) even for p(x) > 0 provided that p(x) >
M>0in Q.

In general it is difficult at best to establish results similar to the above for
elliptic problems with variable coefficients which are differentiated. However in
the case of an ordinary differential equation the solution is easy.

Theorem 5. Let I = (a, B) C R be an open interval. Let p(x) >0 in I, and let
g(x) be any real-valued function on I. If the eigenvalues of the Sturm-Liouville
problem

(3.42) Au=—((px) W) +gx)yu=Au inI,  u(a)=u(f)=

are discrete A, <A, <--- <A <A <. andif g-((p) - (p))) 2 M,
a constant, on I then the ezgenvalues satisfy

(3.43) Z /1 ,1 > Z

Proof. The operator A4 is symmetrlc in the inner product (u, v) = [, uv. Here
we choose

(3.44a) Tu=L(p(x)u +(p (x)u)/) and B,u=¢u,

(3.44b) Tu—(\/g — (Y - >u and Byu=u,

where p¢’ = —1. The operators TJ are easily shown to be skew-symmetric and
B ; are clearly symmetric. We also have

(3.452) (T,u, Tlu)=/,|pu'+%p'u|2
_ _ 2 1 — l /2_ YN 2
—/, (pu)u+4/l((p) (p7) )lul

and

(3.45b) (Tyu, Tyu) = /I(g—%, Y~ (0)") = M)|uf’.
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Thus by equations (3.45) we see that

(3.46) (Tyu, Tyu) + (Tyu, T,u) = (Au, u) — M(u, u).
It is easy to see that

(3.47a) [T,, B|Ju=~u,

(3.47b) [T,, B,Ju=0,

(3.47c¢) (4, B|Ju=2Tu,

(3.47d) [4, By,Ju=0.

Combining equations (3.47) and putting them into (2.1) we get
n
2 Ai-M
(3.48) —yn+7y Z ﬁ =—-hn.
j=1 T n+l I

This is in the same form as (3.18) with m = 1. Again the remainder follows
the proof of Theorem 2. O

The result of Theorem 5 can be partially extended to certain variable co-
efficient elliptic problems but not to the problem of Theorem 2 if the matrix
M has variable coefficients. In the general case there is no guarantee that the
required system of first-order partial differential equations can be solved. Of
course these solutions have been used to construct the operators Bj . However
we are able to extend the idea to certain diagonal elliptic problems.

Theorem 6. Let Q C R™ be a bounded region in which the problem

=9 20u .
(3.49) Au = - —(dA—)+gu=Au in Q; u=0 ondQ
gaxj 7ox;

has discrete spectrum A <A, <---<A <4, <. In (3.49) the coefficient
functions d , are assumed to be positive and differentiable functions of X; only
and g is any function on Q. If M is a real constant so that

1 & ad, R LA

in Q, then the eigenvalues satisfy
’ A -M _mn
(3.50) > .
,~Z=1: n+l A 4
Proof. In Theorem 1 we take
10d i

ou
51 u=d —+ =———= | =
(3.51a) Tju d!axA+26xju forj=1,2, , m
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and

2 2
(3.51b) T, u=|1i g—_Z(( ) aaxz(dz)) -Mu.
J

It is easy to show that the operator 4 is symmetric in the inner product of (3.29)
and the operators of (3.51) are skew-symmetric. We choose the operators B ;
by

(3.52a) Biu=¢u forj=1,2,...,m,
where dj8¢j/6xj =-11n Q, 6¢j/6xk =0 if k#j and
(3.52b) B,  u=-u.

Such ¢j exist since the d I depend only on X;. The operators Bj of (3.52)
are seen to be symmetric in the inner product (3.29). We also have

2,42
pou- 1 o°(d;) (o4,
(3.53a) (Tu, Tu) = /6x jax -2 Q( axf ax luf’

for j=1,2,...,m and
(3.53b)
2 2
0
(Tpirtts Tt} = /( Z((ax) —ﬁw,)z)—M) Jul’.
J
Hence
m+1
(3.53¢c) D (Tou, Tju) = (Au, u) — M(u, u).

j=1
Looking at the B ; we have

(3.54a) (IT;, BjJu, u) = —(u, u) forj=1,2,...,m
and
(3.54b) ((T,,.» By Ju, u)y=0.

Finally we have
m+1

(3.55) > (14, B1BJu, u) = —2m(u, u).
j=1

With the results of (3.53)—(3.55), equation (2.1) becomes

"M
(3.56) y(~nm)+7° 3" G =
i=1 !

Equation (3.56) is in the same form as (3.18) and the result follows as before. O
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It is not clear whether a similar result may be obtained directly from (2.1)
if any of the functions d . are allowed to depend on any coordinate other than
X, .

j

The results of this section are all implicit bounds on the eigenvalues of the
various problems. Each give rise to explicit bounds. Inequalities (3.17) and
(3.35) each imply that

4 n
< _ .
(3.57) A Ayt e >4
since the sum in each is bounded above by

mn
(3.58) Z T Z ) =2

Factoring the constant 1/(4, , — ln) out of the sum in (3.58) and rearranging
yields the desired result. Similarly inequality (3.30) implies that

(3.59) Byt <Ay ¥ — Zz 4”“”

The other results of this section yield similar types of explicit inequalities.

Notice that each problem considered in this section has the same boundary
condition: ¥ = 0 on 9#Q. This was necessary since the B, always turned
out to be multiplication operators and this boundary condition is the only one
preserved under multiplication by arbitrary functions. The fact that the T] are
first-order differential operators for the most part and the Bj multiplication
operators seems to be basic and this author has not yet found any situation
where Theorem 1 provides a useful application where this is not the case. In
the following section we consider some higher-order problems.

4. HIGHER-ORDER PROBLEMS

So far we have only seen applications in which the sum Zﬁl (Tju, Tju) =
(Au, u) + constant{u, u) . For higher-order problems this does not turn out to
be the case. The results in this section depend on a theorem of this author [5]
as follows.

Proposition 2. Let V' be a real or complex inner product space with inner product
(,+). Let D be a linear submanifold of V and let Q: D — V be a linear
operator in V. Let n be a positive integer and let u be a fixed vector in the
domain of Q" . Suppose that for all integers r and p which satisfy 0 <r<p <
n, the equality |(Q"u, u)| = |(Q°"u, Q"u)| holds. Then (i) for each integer k
and even integer m which satisfy 0 < k < m < n, the inequality

(4.1) Q@ u, w)| < [(Q™u, w)*/™ (u, ) ™™
holds.
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(i1) Inequality (4.1) is satisfied for each integer k and odd integer m which
satisfy 0 < k < m < n if in addition to the above hypotheses there is a finite
collection of operators {Tj: j=1,2,..., M} in V which satisfy the following:
For each pair of integers r and p so that 1 <r <p < n the equality

M
(Q"u, w)| = |3 (T,Q""u, T,0" ')
j=1

holds.
Proof. See [5] or [4].

The result of Proposition 2 can be used in conjunction wth Theorem 1 after
observing the following.

Proposition 3. Suppose that M is a positive integer and that Q, Tj and B It
j=1,2,..., M, are linear operators in an inner product space. If the com-
mutators [Q,T;] =0 and (T;,B] = =27 for i,j=1,2,...,M and if

— E,Ail sz then for all positive integers n,

(4.2) i[[Q", B)], B]]=-2n(M +2(n-1)Q""".

Proof. First we éla]im that

(43) [Q". B)=2nQ""'T,

forall j =1,2,..., M and all positive n. We proceed by induction on n

for a fixed j. We see that [QlB j] = ZQOTJ. = 2Tj in the proof of Proposition
1. For the inductive step notice that if (4.3) holds for some #n then

(4.4) (0", B1=0[Q". B,]+[Q. B,1Q"
=20nQ"'T, +2T,Q" = 2(n+ )Q"T,

as required. By (4.3) we have
M

M
(4.5) Y_1Q". B}, B,]= > _[2nQ""'T}, B)]

j=1 j=1

M M
=2nQ"' ST, BJ+2n > 1Q"', BIT
j=1

Jj=1

M
=—2nMQ"_l+2Z (n-1)Q"’T,T)

= 2nMQ"' - 4n(n —D)E" =M +2(n-1)Q" . O

Proposition 3 allows us to take the operator 4 in Theorem 1 to be Q" and
if we can write Q = — Z;MZ | sz where the Tj are skew-symmetric, we can



UPPER BOUNDS FOR EIGENVALUES OF ELLIPTIC OPERATORS 633

use Proposition 2 to obtain a suitable estimate for the right-hand side of (2.1).
This enables us to get results similar to those of §3 for higher-order problems.
Our principal application is to polynomials in the Laplacian. We restrict our
consideration to the Laplacian for simplicity even though the Laplacian can
be replaced with the operator of (3.1). Several earlier results by Hile and Yeh
[3] and Chen [1] were established for certain even degree monomials in the
Laplacian of the form
20-1

(4.6) A'u=iu inQCR”, w=4_ 20 4 on 8Q,

on an2-!
where [ is one of a class of positive integers. This author [4] later improved
and extended the earlier results of problem (4.6) to arbitrary polynomials in the
Laplacian using Proposition 2.

Theorem 7. Let p(x) = Zf 0 ,x be a monic polynomial and q(x) =Y. =0 blx
be a polynomial. Suppose that a; >0 and b; >0 forall i and r <l Suppose
that Q CR™ is a region in which the problem

(4.7a) (p(=A) —q(-A)u=Au inQ,
ou 8"y
(4.7b) —a—n—m—an,_l =0 onoQ
is selfadjoint with discrete spectrum A <A, <--- <4, <A, <---. Then the

eigenvalues of (4.7) satisfy

n 2.2
(4.8) (Zla" )(ZZm+2k 2ka a7 ,)>¥.
i=1 “n+l 1

i=1 k=1
In (4.8) wedefine o; y=1 andfor j>1, a
i
(4.92) a+> ax" —qx)-4,=0 ifr<j<l,
k=j

;.j Is the largest (positive) root of

(49b)  a,+ Z bea Zakx —Zb xX—4,=0 ifl<j<r-1.
k=j+1 k=j

Proof. Here we choose the operator Q of Propositions 2 and 3 by Q = -A,

Tju =0u/dx ; and B U=—Xu. Finally we choose the operator A of Theorem

1 tobe A4 =p(—A) —q(—-A) = p(Q) — q(Q) . These operators satisfy all of the

hypotheses of Theorem 1 and Propositions 2 and 3 so (2.1) becomes

(4.10)

—ynm 4y Z ol - 22 (@m(p - 4)(Q) +4Q(p - 0" (@), u,).

First we want to find a lower bound for the right-hand side of (4.10). Proposition
2 shows that (Qku,., u;) < (Qu,, ui)k/’ if 0 < k < j<I. Thus if we fix
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i and let ,B,f = (Qku,., u;) for k =1,2,...,1, Proposition 2 implies that
0 < B <B,< - < B, where B, is the principal root of /. (We take

By =1=(Q%,, u).)

For j > r we have

! r / r
(4.11) ,1,.=Zak,b’,’:—2bkﬂ,fZZakﬂ,f+a0—Zbkﬁ,f

>§:ak/£ +ay - Zb,b’ —Zakﬂ +a,—4q(B;).

k=0 k=j

Now consider the functions fj(x) = a, + Zk,__j akxk —g(x)for r < j <.
Now fj(x) — 400 as x — +oo and is continuous and (4.11) asserts that
fj(,B j) < A;. The continuity of f and limiting behavior imply the existence of
a number which we have called «; ; so that fj(ai’ j)=4; and for this root we
have a; ;> ﬂ

For 1<j<r—1 we have

(4.12) 2= Zakﬂf - by
k= k=0
! J : r
=Zakﬂ: _Zbkﬂll: - Z bkﬂlf
k=0 k=0 k=j+1
! J r
zzakﬂfwo—zbkﬁf- 3 ooy s

k=j+1
where the «; x are those found from (4.9b). The argument that (4.12) leads to
(4.9b) follows the argument for (4.9a) above.
Now
(4.13)

<(m(p—q>’<Q>+2Q<p—q>"<Q>) L) < <(mp’(Q>+2Qp”<Q>)u,, u,)
=mZkakﬂ,f ! +22k(k— Da, B}~

k=1 k=1

=1
3) yields the desired lower bound for the right-hand side of (4.10)

k
Inequality (4.1
(Qu;, u;). Thus (4.10) can be rewritten

and o, | >

(4.14) —ymn +y Z " > - ZZk(erZk Dagar .

i=1 k=1
In (4.14), B is the same number which yields equality in (4.10). Evidently
equality is attained in (4.14) for a larger value of #. In particular if y > 0 and
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B > 4, yield equality in (4.14) we must have g > 4, . Again, minimizing
the left-hand side of (4.14) in y as in Proposition 2 and rearranging yields the
desired result (4.8). As before, the strict inequality comes from the fact that
for each j, du;/0x; will not satisfy the boundary conditions of (4.7b) if u; is
an eigenvector of (4.7a). O

The result (4.8) is at best difficult to understand along with the computation
of the o, , . A more explicit form of (4.8) is available if we take ¢ =0.

Theorem 8. Suppose the hypotheses of Theorem 7 except that ¢ =0 and a, =
0. Then the eigenvalues satisfy

2.2

n l/[
(4.15) (Zl ) (Z l/I l/[ //(11/1)> _Si_

Proof. In the notation of the proof of Theorem 7 we see that when j =/,
(4.11) reduces to

(4.16) 3> B

Thus g, < /1;/1. Also for 0 < j <[ we have ﬂf < ,B,j. (The extension to

j=0iseasysince 1 <1.) Finally §,<a, , < A:/ L Writing out the right-hand
side of (4.14) with a; ; =, , forall j, 0 < j </, expressing it in terms of
derivatives of p and following the remainder of the proof of Theorem 7 yields
the result. O

At this point we look at a corollary of Theorem 8 and show that the earlier
results of Hile and Yeh [3] and Chen [1] follow from this corollary.

Corollary 3. In Theorem 8 if p(x) = x', 1>0 then the inequality

n l/l 2.2
(I=1)/1 mn
@17 (Z 1, ) (Z’1 ) dm+20-2)

is satisfied.
Proof. Comparison of (4.17) and (4.15) shows that we need only show that for
p(x) = x' we have

(4.18) 2o+ 8" ) = %Aﬁ.""/’l(m +20-2).
This is an easy task. D
The results of [3] and [1] are as follows.

Proposition 4. For certain even integers | (the condition is irrelevant here) the
eigenvalues of the problem in Corollary 3 satisfy

'/l (= 11 m’n?
(4.19) (Zx )(Zi) S CESERk
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The result (4.19) follows easily from (4.17) by way of the Holder inequality
which for our purposes reads:

n n (I_l)/l
(4.20) S oAl <t (ZA,.) :
=1 i=1

The theorems and corollaries above also hold if the Laplacian, at least —A,
is replaced with the operator of Theorem 2. Furthermore, similar results can
be obtained for polynomials in the operator of Theorem 3. The problem of
Theorem 4 presents an interesting possibility.

Theorem 9. Let p(x) be a monic polynomial of degree | > 0 with nonnegative
coefficients and zero constant term, Q C R™ and p any function and M a
constant with p > M on Q. If Q is such that the problem

ou '™y

(4.21) p(-A)u+ p(x)u=2Aiu inQ; u=22%-...

an = Py =0 onoQ

is selfadjoint with discrete spectrum A, < A, < --- <A, <4, ,<--- then the
eigenvalues of (4.21) satisfy
(4.22)

n 1/1 n
(Z ¢ oM ) (Zj mp' (2, = M)y + 22, - m) "5 (A, - M)”’))
i=1 T+l i i=1

2.2
mn

4
if A, —M2>0.
Proof. Here in Propositions 2 and 3 we take T, and B, as in Theorem 4 except

that B, ., =7,,, =0, Q=—A and in Theorem 1, Au = (p(-4) + p(x))u.
Proposition 3 is not directly applicable in this case. However as before we have

(4.23) (4, B;1, Bj]=[[p(-—A), B;], B}] forj=1,2,...,m+1.

>

Since the B i and Q = —A satisfy the hypotheses of Proposition 3 we get

m

(4.24) > {4, B}, BJu;, u)=> (lp(-4), B)], B)lu;, u))
j=1

j=1
= —2((mp'(=A) + 2(=A)p" (-A)u,, u,).
Also

(4.25) > AT, Blu, u,) = —mu,, u,)

and

(4.26 ST, Ty

(=A)u;, u,).



UPPER BOUNDS FOR EIGENVALUES OF ELLIPTIC OPERATORS 637

Putting the results of (4.24)-(4.26) into (2.1) leaves us with

(4.27) y(—nm) + 7’ > —«—2)14[;:, )

i=1
By the proof of Theorem 7 for each i we have
(=8, u)" < (=8)uy, w) < p(-B),, u,)
= ((’1, - p)u," u,’) < ((A, - M)ui’ ui) = ’1!‘ -M

= —((mp'(=A) + 2(=A)p" (~A))u,, u,).

for 1 <k </. Thus

(4.29a) (—Au,, u) < (A, —M)"

and

(4.29b)  ((mp'(—A) +2(-A)p" (-A))u;, u,)
<mp'((4; - M)y + 22, - M)""'p" (2, -

1/l
=)'
Placing the estimates of (4.29) into (4.27), using the same argument as was used

in the proof of Theorem 7 yields the result. O

Remarks. (i) In Theorem 9 if M = inf{p(x): x € Q}, the quantities A, —M >0
in Q is always satisfied.

(i1) A sharper estimate can be attained in (4.28) as is done in the proof of
Theorem 7, but we have chosen the simpler argument for the sake of simplicity.

The operators of Theorems 2 and 3 can be combined into higher-order prob-
lems through a polynomial as above as well as the operators of Theorems 5 and
6 but the number of combinations is so large that it is hopeless to list all the
possibilities as well as the variety of estimates available. However a problem
for which Theorem 1 is not directly applicable but which follows as a corollary
to our earlier problems is

Corollary 4. Let p(x) be a polynomial with nonnegative coefficients of degree
>0 and QCR" a bounded domain. If Q is such that

(4.30) p(—Au=2Au inQ;
(4.31) u=Au=Au==A"u=0 onoQ
is selfadjoint with discrete spectrum then
n
a; mn
(4.32) —_—t > —
1=Zl Qpi1 4

where o, is the (only) positive number so that p(a,) = A,.
Proof. The eigenvalues, 4, of (4.30), (4.31) satisfy

(4.33) ploy) =4,

where o, is the ith eigenvalue of the problem of (3.26). The result (4.32) then
follows easily from Corollary 1. O
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A variety of other boundary conditions for problem (4.30) simply yield prob-
lems whose eigenvalues are some function of the eigenvalues of one of the earlier
problems in either of §§3 or 4. Each such problem yields a result similar to that
of Corollary 4. As a final note for higher-order problems, explicit bounds can
again be established from the implicit bounds given here. For example, (4.15)
yields, by the same argument as was used to establish (3.57) and (3.59),

8 ‘ | m
(434 A, <A, +—— <Z vl ) ( '@+ " )
mn-\ i=1
So we see that for the type of higher-order problem considered here the rate

of growth in the eigenvalues is bounded above in a way which has no explicit
dependence on the domain Q.

5. A SYSTEM OF EQUATIONS

Our last task is to show how to apply Theorem 1 to a system. Let a be a
constant, o > 0. We consider the eigenvalue problem

(5.1) Au = —Au — agrad(div(u)) = Au in Q, u=0 ondQ

which governs the behavior of an elastic medium. We begin with a few prelim-
inaries.

Lemma 3. In the inner product (w,v) = [yu-v, which we call L*(Q), define
the operators

(5.2) R,u=div(u)gradx; + grad u, forj=1,2,...,m
and
(5.3) Su—ﬁ forj=1,2 m
. j - axj .] - ) PRI ] )
where w= (u,, u,, ..., u,) and u=0 on Q. The symbol x; Is the projection

of a vector x onto its jth component. The operators R ; and S ; satisfy

m

(5.4a) Z(Rju, Rju) = —((m + 2)graddivu + Au, u)
j=1

and

(5.4b) f:(Sju, Su) = —(Au, u).

Proof. If R™ we have
(5.5) div(gu) = grad g -u+ gdivu

and the divergence theorem

(5.6) /divu=/ u-ds.
Q 9Q
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If u=0 on 8Q then (5.5) and (5.6) may be combined to yield

(5.7) /gradgou=—/gdivu.
Q Q

The definition of R ; shows that

(58)  (Ru,Ru)= / | divugradx, + grad |
Q

—/(diVu)2+2/ divu%+/ lgradu |
Q Q dx; Ja e

Application of (5.7) with the identification u ~ grad u ;and g~u ; we see that

2 .
/Qllgradujll =—/Q(dlvgraduj)uj=—/9ujAuj.

Thus we see that

m

(59)  S(Ru,Ru) =m/Q(divu)2+2/Q(divu)2—/Qu.Au.

j=1
Finally, applicaton of (5.7) with g ~ divu, (5.9) becomes

(5.10) Xm:(Rju, Rju) = —/ u- ((m+ 2)graddiv(u) + Au).
j=1 @

Equation (5.10) is equivalent to (5.4a).
For the Sj we have

(5.11) <Sus..>—/||ﬂ||2-_/u.§2_“
' s o 0x; Q 8xf.
Summing (5.11) over j and using the definition of A yields the result (5.4b). O

Lemma 4. Consider the subset {u € LZ(Q): u=0 on 8Q} = D. Then the
operators

(5.12) Cu=-xu forj=1,2,....m

are symmetric on LZ(Q) and leave D invariant. Moreover the commutators
with the R ; and S; of Lemma 3 obey

(5.13a) i[Rj, Clu=-2u
j=1

and

(5.13b) XM:[SJ, C].]u=—mu.
j=1
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Proof. We have [R;, Cj]u = RjCju— CjRju. Thus

(5.14)
[Rj , Cj]u = d1v(—xju) gradxj + grad(—xjuj) +X; dlvugradxj +X; grad U
=-u, gradxj - (gradxj)uj = —2ujgradxj.

By summing (5.14) over j we obtain (5.13a).
For the S . we have

0 ou
(5.15) [Sj,Cj]u—a—xj(—xju)+xja—xj_——u.

Summing (5.15) over j yields the result (5.13b). The fact that the Cj are

symmetric on LZ(Q) and leave D invariant is easily seen. O

Lemma 5. For the operators Lu = —Au and Mu = —graddivu and the opera-
tors C, of Lemma 4 we have

(5.16a) [L,Clu=2Su
and
(5.16b) [M,CJu=Ru,

where the operators S ; and R ; areas in Lemma 3. Moreover the R j and Sj
are skew-symmetric.

Proof. The ith component of [L, C Ju is given by
(5.17) —A(—xju,.)—(—xj(—Au,)) =A(xju,)—xjAul.
= 2gradxj -gradu, + x;Au,; — X Au; = 28u,./8xj.
Since (5.17) holds for each component of [L, Cj.]u we see that [L, Cj]u =
26u/8xj = 2Sju. We use (5.5) to establish (5.16b). We have
(5.18) [M, Cj]u = —graddiv(—-x,u) — x, graddivu
= grad(grad x; -u) + grad(xj divu) — X, grad divu
=gradu; + divugradx; + x; graddivu — X; graddivu
= divugradxj +graduj = Rju.

The R; and S, are skew-symmetric because they are the commutators of sym-
metric operators. 0O

Theorem 10. If Q C R” is bounded, a > 0 is a constant and problem (5.1) is
selfadjoint in Q with A; <A, <--- <A, <A, < then the eigenvalues of
(5.1) satisfy
n A mzn
L > .
(5:19) 23 [~ A, T Amta)

i=1 n+
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Proof. We have established all that we need in Lemmas 3-5 above. All we need
to do is to choose the Bj, Tj, and y in (2.1) properly. Define

(5.20) T,=S, forj=1,2,...,m.

Thus Lemma 3 implies that
m

(5.21) Z(Tju, Tu) = (-Au, u) < (4u, u).
j=1

Next we define the B . by

(5.22) B, =C, forj=1,2,...,m
Thus using Lemma 4, (5.20), and (5.22) we obtain

m
(5.23) > (T, B)lu, u) = —mu, u).
j=1
Since [4, C,]1=[L, Cl+a[M, C)], where L and M are defined in Lemma

5, we have [A4, Cj] =2S;+aR;. Thus, since B, =C,

(5.24) Y l[4,B], Blu=2)"[S;,Blu+a) [R,, BJu
j=1 J=1 J=1
= -2(m+a)u.

Placing u;, a normalized eigenvector of A corresponding to A, into (5.21),
(5.23), and (5.24) and then the results into (2.1) we obtain

A
(5.25) —mny +y Z LT
If B solves (5.25) then

(5.26) —mny +y Z

> —-n(m+a
ﬂ ( )
by the upper bound in (5.21). Finally if we find a value for g yielding equality
in (5.26) it must be no less than the value of f which solves (5.25).
Minimizing the left-hand side of (5.26) in y as before, and rearranging yields

A m*n
(5.27) ;B_Ai = imta
Equation (5.27) has a solution g > A, so we can conclude that
z A, m*n
5.28 - 2 )
( ) ;A"+I—Ai—4(m+a)

the desired result. O
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An earlier result of this author [6] for problem (5.1) was obtained in explicit
form

m + ak 4
(5.29) Ap < (T) (Au-nm+1 T ZA(i—an)

i=1
where j is the largest integer which does not exceed k/m . It is difficult to

compare result (5.19) to (5.29) in general. However for k = m = 2, (5.29)
becomes

(5.30) A, < (1+a)3A,
and (5.19) can be rearranged to become
4
(5.31) A, < <1+£{i)) A =(B+a)A,.

Clearly the upper bound in (5.31) is smaller than that of (5.30) in this case.
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